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INTRODUCTION.

In the application of rainfall records to any purpose it
is always desirable and often indispensable that the
record should be complete. Interpolation of rainfall may
be required for a variety of purposes:

1. To fill in a missing record for one or more months.

2. To fill in records for one or more years.

3. For the determination of the rainfall in a single
shower or for a certain day or for a particular storm.

4. To find the rainfall at a given location where no
record has been kept, either the mean being required or
the rainfall for a given period, storm, day, or shower.

In general the accuracy of the result increases with the
length of the period for which interpolation is made. The
rainfall for a year can usually be interpolated with a
smaller percentage of error than rainfall for a month and
this, in turn, can be interpolated more accurately than
the rainfall for a storm, day, or shower. In the adoption
of methods for interpolation of missing rainfall values the
labor involved as well as the accuracy attainable must be
considered. Methods of interpolation which are simple
and which give excellent results when applied to the
determination of missing annual or monthly values may
and usually will not be equally well adapted to the inter-
polation of missing values for a given storm, day, or
shower.

The determination of the rainfall amount at a given
place in a given storm, day, or shower forms a separate
ﬁroblem, especially in case where no records whatever

ave been kept at the location in question. The present
discussion is confined to the problem of determining
missing rainfall values at locations where some records
exist, either antecedent or subsequent to the missing
interval, or both. It is in the form of monthly results
that rainfall data are most often published and used and
the completion of annual records often involves supplying
data for missing months only. Anyone having occasion
to use the rainfall records in a given locality will do well
to make the necessary interpolations in a careful and
reliable manner in the first instance of their application,
thus rendering the records available in complete form for
future use without further labor.

This discussion is confined to interpolation at the loca-
tion of an existing rain-gage station. In all such cases
there are some records at the location for which data are
required, which may serve as guides to interpolation for
the missing intervals.

Missing months within the body of a rainfall record are
the result of three principal causes:

1. Absence or illness of observer.

2. Accidents to the rain gage or record.

3. Changing of observers.
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Methods of interpolating missing records may be classi-
fied as follows:

1. Those dependent on records at the same station only.

a. The normal method.

b. Mean of preceding and following months.

¢. Mean of the same month in preceding and following
years.

d. Angot’s method.

2. Methods depending on contemporaneous records at
surrounding stations alone.

a. Substitution of the record for the nearest station.

b. Mean of three surrounding stations.

¢. Inclined plane method.

3. Methods utilizing data for both the station of inter-
polation and for surrounding stations.

a. Fournie method.

b. Fournie-Horton method.

¢. Abnormality method.

d. Angot-Horton method.

e. Angot-Leach method.

Some of these methods make use of contemporaneous
records only, i. e., those at surrounding stations for the
month or year to be interpolated, or those for the next
preceding and following months, or years. Contempo-
raneous methods include:

1-b. Mean of preceding and following months.

1-c. Mean of same month in preceding and following
years.

2—a. Nearest station method.

2-b. Mean of three surrounding stations.

2-c. Inclined plane method.

3—d. Correction ratio method.

Other methods require the use of monthly or annual
normals or long term means at one or more stations.
These include:

1-¢. The normal method.

1-d. Angot method.

3—¢. The Fournie method.

3-b. Fournie-Horton method.

3—c. The abnormality method.

3-d. Angot-Horton method.

3-e. Angot-Leach method.

CORRELATION AT ADJACENT STATIONS.

It would be expected that the accuracy obtainable in
the use of the precipitation at one station for the deter-
mination of the precipitation at an adjacent station would
depend to some extent on the degree of correlation be-
tween recorded rainfall amounts at the two stations.
Selecting a group of stations in California with marked
seasonal rainfall so as to eliminate uncertainties at the
end of the hydrologic year, the coefficients of correlation
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of the seasonal total rainfall between adjacent stations
were found as follows:

Correlation of seasonal total rainfall between adjacent stations.

Years, incl. K,
North Bloomfield and— .
Grass Valiey, Calif.........coovmmriennnnns igﬁ)‘; %g im 0. 808
Towa Hill, Calif........oourrerurennannn B Lo 1as 8- 0. 864
Bowman Dam, Calif.. 1899-1900 to 190808 0.620
Blue Canyon, Calil_. 188990 £0 190809 0.770
Nevada City, Calif.. 1889-90 to 1908-09. 0. 430
Towie, Calif........ ..} 1895-98 t0 1901-02.. 0.671
Truckee, CBIL. .. ...c..eeemereeeereeaneenn T T3 to 188 o8- 0.626
C1800, CBlL. .- ce-veeeeneeeeenneeaanneas o e 0.716
Ciseo, Calif. ... ....coiiiiiiiiiiinnens 1900-01 to 1908-09, 0.645

The location of the stations are shown on Figure 1.
The coefficients are relatively high.
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Fia. 1.—Location of rainfall stations, C_aliffgfn.ia group. (Figure gives mean annual
rainfall.)

The correlation between monthly rainfall amounts may,
however, be different from that between the seasonal
totals. Monthly coefficients were worked out for 12
months selected at random, one month from each of 12
years for 6 pairs of stations, the locations being shown in
Figures 1 and 2.

Correlation coefficients for adjacent stations for 12 calendar months selected

at random.
North Bloomfield, Calif., and Bowman’s Dam, Calif........... 0.98
North Bloomfield, Calif., and Blue Canyon, Calif . . ........_ .. 0.93
North Bloomfield, Calif., and Nevada City, Calif.........._ ... 0.994
New Iberia, La., and Lafayette, La........covoieviaaaao. 0.744
New 1beria, La., and Abbeville, La_ ... ... .c.coeeeoaan. ... . 75
New Iberia, La., and Franklin, La......oooe ool 0.87
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CORRELATION OF RAINFALL IN CONSECUTIVE MONTHS OR
YEARS.

In view of the convenience of using the record for pre-
ceding and subsequent intervals at the interpolation sta-
tion as a basis for rainfall interpolation, it 1s of interest
to determine the extent of correlation between rainfall
amounts in a given month or year and in the correspond-
ing intervals for preceding and subsequent years. The
rainfall for the month of April at Albany, N. Y., is shown
graphically on Figure 3 in comparison with the mean pre-
cipitation for the preceding and following months. 'The
calculated correlation coeflicients hetween the rainfall on
a given month at Albany and the mean of the preceding
and following months are as follows:

Correlation of coefficients between a given montk and the mean of the pre-
ceding and jollowing months.

(Albany, N. Y., 1874-1915, 42 years.)

71§ 1 —0.0539
T +0. 1004
November. . . .. i aae e +0.194

5.8/ Larayetre

86./8C\ALbevi//e

New fberia
58.5¢
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F16. 2.—Location of ralnfall stations, Louisiana group. (Figure gives mean annual
rainfall.)

The coefficients are lower than in the case of correla-
tion between simultaneous intervals at adjacent stations.

Hessling * found the correlation between different pairs
of months as to rainfall and temperature, respectively,
for 24 stations in the corn region of Argentina, as follows:

In some cases there is a fair degree of correlation for
rainfall but in general it is less than for temperature.

Kg KE
Months correlated. Precipi- | Temper-
tation. ature.

October-NOvVember. ... coceaeiiiieranmarceeeanraiiiiannncanmannn, 0.22 0.63
October-December. . - 0. 18 0.13
O¢tober-January... 0,07 0.53
November-Decembe 0.29 0. 56
November-January.... .. 0.03 0, 51
December-January .. cocceeieniiaeaceracacr e irmaa e e 0.33 0.50

1 Relation between the rainfall, the temperature, and the yield of corn in Argentina.
Mo. WEATHER REV., Oct., 1921, 49:545.

Peck and Snow * have determined the correlation be-
tween the rainfall of each month of the year in England

2 The correlation of rainfall, Quar. Jour. Ruy. Met. Soc., Oct. 1913, pp. 307-316.
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and that of the remaining 11 months, for each of four
years, 1908 to 1911, with the following results:

Coefficients of correlation of the rainfall of ecach month with that of the
remaining months of the year.

(Mean for four years 1903-1911.)

January......cocoeeeen.... +0.31 | July....cciceeacncao... 0.00
February.......cc.c...oo.. +0.15 | August..........ooooo.... +0.15
March.... . +0.29 | September............... +0.12
ﬁpril .................... +0.20 | October.................. +40.25

Y e e ieacaaaaaeacaaaaan +0.15 | November.. .. .. ........ +0.19
Juone..... ... ... ....... +0.0¢4 | December............... +0.25

Here again the coefficients are relatively low; in fact,
there is no appreciable correlation between the rainfall
of the summer months in England and that of the remain-
der of the year. This is probably the effect of thunder-
storms in these months, whereas cyclonic and orographic
raint predominates in the remaining months of the year.
The correlation coefficients between rainfall in a given
year in England and that in the preceding and following

ears have also been determined by Peck and Snow.
ere the resulting coefficients are relatively much larger
than those obtained for single months compared with the
preceding and following months. This indicates that the
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are consistent positive correlations following an average
value of about 0.25. In general the results indicate that
there is but little positive correlation between rainfall
amounts for two successive years at the same station,
especially during the summer season.

MONTHLY RAINFALL INTERPOLATION.

There are two principal conditions under which the
interplg)lation of monthly rainfalls may be required:

1. To fill in gaps within the record at & given station,
the previous and subsequent records both being available.

2. Extrapolation to extend a record so as to make it
complete for a chosen period.

Both these cases are here considered under the general
term “interpolation.” In general (with one exception),
methods applicable to the first case are also applicable in
the case of extrapolation, and the accuracy obtainable in
the two cases is usually about the same. There are
often some months missing from otherwise excellent rain-
fall records. Obviously a record for 20 years, contain-
ing say 10 missing months scattered through 5 differ-
ent years, is better if completed than if only the 15
complete years are utilized. The record when com-
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Fia. 3.—Relation between April rainfall and mean of preceding and following months. Albany, N. Y., 1874-1912, inclusive.

use of the measured precipitation for the preceding and
following years at a given station may be much more reli-
able as a means of interpolating annual than monthly

rainfall.

Correlation coefficients showing the relation of rainfall in a given year to
that in the preceding and following year.

From a study of long term rainfall records at Green-
wich, Glasgow, Greenock and Dundee, Russell* found
that the coefficients of correlation between rainfall
amounts in successive months were always below 0.50.

The average correlation coefficient for the 48 pairs of
monthly cases at the four stations is near zero.
were 17 cases of negative and 31 cases of zero or plus
coefficients.

1908 1909 1910 1911

+1.00 —+0.69 +0.70 +0.57
+0.69 +1.00 +0.75 +0. 64
+0.70 +0.75 +1.00 +0,71
+0.57 +0. 64 +0.71 +1.00

There

For the pairs of winter months, November
and December to January and February, inclusive, there

3Quar. Jour. Roy. Met. Soc., July, 1922, p. 225.

pleted represents actual observations for 19 years and 2
months, and even should there happen to be consider-
able error in the interpolation of the remaining 10
months, the resulting mean for 20 years is likely to be
nearer to the true long term mean than is the mean for
the 15 complete years only. It is not infrequently the
case that one or more months are missing from almost
every year, even where such a fragmentary record is the
only one available, and the choice lies between discarding
the record altogether, or in some way completing it.

Relation curves between the rainfall amounts at
adjacent stations can be derived if fairly long records
are avallable for both stations. The accuracy of most
interpolation methods depends on the relation between
the precipitation at adjacent stations.

Having given the monthly relation curve between
two stations and the precipitation at the base station,
corresponding precipitation shown by the relation curve
gives a value of the (Ymntity to be interpolated. If
relation curves are available for three base stations the
mean of the three resulting interpolated values may be
used. This is perhaps the most rational of all methods of
rainfall interpc}lation, especially if three stations are used
and the three results are given weights dependent on the
relative distances of the base stations from the interpola-
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tion station. If interpolations are required in different
months of the year, then the use of this method involves
the derivation of a rainfall relation curve for each month
for which interpolations are to be made, and if three
base stations are used three sets of curves are necessary.
The labor of using the method for monthly values is so
excessive that it has not been given further consider
ation.

In case of the interpolation of annual rainfall amounts
only one relation curve is required between the interpola-
tion station and each of the base stations. The method
is therefore much better adapted to interpolation of
annual than of monthly rainfall.

In discussing multiple station methods the use of three
surrounding stations 1s mainly considered, this being the
most usual case. Instances will, however, arise where
only one or two adjacent station records are available
and others where there are four equally applicable.
Adaptation of the methods described to these S]%ecia.l
conditions will be readily perceived. If there is choice
of stations, those having the highest correlation with the
station for which interpolation is to be made should be
selected.

The station for which interpolation is required is
designated the ‘‘interpolation station,” whereas the
surrounding stations for which records are available
for the period in question and which are utilized in the
interpolation are designated ‘‘base stations.”

Obviously, methods involving the use of normal
monthly or annual rainfall are inapplicable where the
available records are of short duration.

Notation.—The following notation is used in describing
the different methods of interpolation and weighting of
the results.

d=rainfall at interpolation station.

a, b, c=rainfall at surrounding stations.

A, B 0, D=normal annual rainfall at the various sta-
tions.

Dp=normal rainfall for the same month at the inter-
polation station.

Subscripts 1, 2, relate to values for preceding and
following months.

Subscripts p, f,relate to values for the same month
in the preceding and following years.

X,, X, X, =distances of base stations from the inter-
polation station.

W, W,, W.=relative weights of results derived from
stations a, b, and e.

Characteristics of the different methods are as follows:

1-a. Normal method.—This consists in substituting the
mean rainfall for a given month as determined from the
longest available record at the interpolation station.
Obviously the normal method can only be used where
the station has been maintained long enough to give
fairly good normals for the different months. In apply-
ing this method no effort is made to take into account
the abnormality of the rainfall for the month to be inter-
polated. At the same time, if a large number of months
are missing from a record, substitution of the normal
values in place of the actual, which are unknown, will
give theoretically the same mean for the whole record
as if the actual values had been utilized. There is,
however, no reason for belief that the rainfall for a
particular month agrees in any close degree with the
normal for that month, and since some information
may generally be obtained as to the abnormality of the
precipitation in any particular month, this method
must be considered as not conforming to the require-
ment of making the best use of the available information.

)
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As regards annual results the error in the mean result-
ing from the substitution of the normal for the actual
precipitation in any one year decreases as the length of
record increases.

If » is the ratio of the actual rainfall in the given year
to the mean,

Apparent mean, N years_ N—1+r
true mean N

This becomes unity if the ratio » is unity.

1-b. Mean of preceding and following months.—If the
precipitation in a given month is abnormally high, the
mean of the preceding and following months is rather
likely to be high, and vice versa. Again, if the precipi-
tation varied uniformly from month to month, the
mean for any month would be equal to the mean of the
preceding and following months. The precipitation
does not, however, vary in a uniform manner, and the
mean of the preceding and following months will generally
be less than the true precipitation for the maximum
month of the year or season and too large for the mini-
mum month of the year or season. This method has the
advantage that it is based solely on records at the
station of interpolation, and, furthermore, requires only
the use of the contemporaneous three months. No long
term means are needed. It is, therefore, exceedingly
simple to apply and can be used as well for a very short
as for a long record, but can not be used for extrapolation.

1-c. Mean of the same month in the preceding and fol-
lowing years.—It is found by statistical studies that years
with rainfall either above or below the mean tend to run
in groups in an irregular periodicity. If the distribution
of years of high or low rainfall, singly or in groups, was a
matter of chance, then the probable number of groups of
n-like years (all above or all below the mean) in 100
years’ record would be:

n=1 2 3 4 5 6 7 8 9 10
50 25 12,5 6.26 3.12 1.56 0.78 0.39 0.195 0.0925

For any year excepting the maximum or minimum
vear of such a group or period of like years, the precipita-
tion in a iiven month is likely to be anroximately the
mean of that for the same month in the preceding and
following years. This method is subject to the same
errors and limitations as to the use of the mean of the
preceding and following month, and it cannot be used for
extrapolation. In general it gives better results when
the missing months fall in a group of several like years
than when they fall in an isolated year. In the latter case
if the true value for the missing month is high, the corres-
ponding months in both preceding and following years
are likely to be low and vice versa. For this condition
the mean of the same months in preceding and following
years may be seriously in error.

1-d. Angot method—Angot developed what are known
as pluviometric coefficients; these are essentially the ratios
of the precipitation amounts in the different months to
tiie yearly total. These in general are more nearly con-
stant for a given month than is the actual monthly pre-
cipitation. This would be expected since, for example, an
excessive precipitation in a given month adds to the yearly
total and vice versa, in both cases resulting in a tendency
to maintain constancy in the pluviometric cocflicient.

Similarly the pluviometric coeflicients at adjacent
stations are generally more nearly equal than are the
actual rainfall amounts. The use of pﬁuviometric coeffi-
cients for the base or for surrounding stations should
a.})pa.rently afford a reliable method of interpolation.
Unfortunately, the true Angot pluviometric coefficient
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can not be determined at the interpolation station for
the year in which interpolation is to be made, since the
record is wanting for at least one month. A modified
coefficient can be used. Expressing the normal ratio of
precipitation in the missing month to the total normal
precipitation in the remaining 11 months by "/, then if
ZP'’" 1s the total precipitation 1n the remaining 11 months
of the given year, the precipitation for the missing month
could be estimated by the formula,

P=("zP"

This method would, however, be very laborious. It has
accordingly been modified, probably at some sacrifice
of accuracy, by using instead of ("’ the ratio

D
C=p5D,

or the ratio of the normal for the missing month to the
mean of the normals for the preceding and following
months; then

d=0(_lli__d?

This method is similar to the use of the mean of the
preceding and following months but a correction is

Chazy Y

Jcale 0F Mifes
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[ e )
(026.92

Harkness

Fi1g. 4—Location of rainfall statiens, Nc_wr ‘Jx;ork group. (Figure gives mean annual
raiafall.}

made for the unequal rate of variation of rainfall from
month to month. The method is wholly dependent upon
records at the station of interpolation. It is less labor-
ious than methods utilizing long term means for sur-
rounding stations, but is in general more laborious than
any of the methods described dependent on contem-
poraneous records alone, although if a large number of
values is to be interpolated, the work by either this or
the other methods involving long term means is pro-
portionally decreased as compared with the case where
only a small number of interpolations is required, since
the monthly means once determined answer for all the
interpolations. Frequently the monthly means are
available at the outset. This method can, of course,
be applied to three surrounding stations, but it then be-
comes more laborious than Fournie's method without
any apparent advantages.

2-a. Nearest station.—The substitution of the record
at the nearest adjacent station for a missing monthly
record is not an uncommon procedure. It is perhaps
the simplest of all methods o} obtaining a value to fill
out a missing month. There is generally a fairly good
correlation between monthly precipitation at adjacent
stations. The correlation, however, might be perfect
and yet the values for one station be widely different
from those for the other, owing to a constant difference
which does not appear in the correlation coefficient.
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This source of error is eliminated by the use of Angot’s
luviometric coefficients (method 2-d). Where the means
or the two stations are substantially the same, direct

substitution of the value for the nearest station frequent]
ives good results for closely adjacent stations. If,

however, there is no single closely adjacent station, but
if there are several nearly equidistant but more remote
stations, the use of the precipitation at the nearest
station alone is not justified. The method can be applied
either to interpolation or extrapolation, and since it does
not require the determination of a mean, it can be applied
to a short as well as to a long record. :

2-b. Mean of three surrounding stations.—This method
should theoretically have a much greater accuracy than
the use of the nearest station alone. Furthermore, since
surrounding stations on different sides of the interpola-
tion station are to be used, the effect of local storms which
may occur at one station but not at another is more
likely to be taken into account. It involves but little
labor and has all the other advantages of the use of the
nearest station record.

2—¢. Inclined-plane method.—This method was devised
by the author with a view to applying simultaneous or
or contemporaneous records in the most logical manner
possible, thus obtaining the best practicable result with

Collbran

(/220
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I'1G. 5.—Loration of rainfall stations, Cpl;)rﬂdo group. (Figure gives mean annual
rainfall.)

the least expenditure of labor, since all methods dependent
on simultaneous or contemporaneous records alone are
much simpler of application than methods involving the
use of long-term means. It depends upon the principle
that the position of a plane is completely determined by
the coordinates of three points in the plane. In the
absence of information to tﬁ)le contrary, the bhest assump-
tion which can he made is that rainfall varies uniformly
between adjacent stations,

Select three base stations, .1, B, (!, Figure 6, sur-
rounding the interpolation station. On a suitable map
showing the relative positions of the stations, connect
any pair, A4, B, of the base stations by a line, and erect
perpendiculars to this line at the two stations, and
measure off on each perpendicular a length proportional
to the precipitation at that station for the period to be
interpolated. On the assumption of uniform variation,
the precipitation at any })omt. along this will be pro-
portional to the ordinate from the base line to the line
connecting the two plotted points. Draw another line
from the third base station, (, through the interpolation
station, D), intersecting the hase line AB at E. Erect a
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erpendicular to AB at E, intersecting the line FG at H.
}E‘he precipitation at E is assumed to be proportional to
EH. Draw perpendiculars to CE, one at C proportional
to the precipitation at that station, and one at B equal
to EH. Connect these by a line JK. Then a perpen-
dicular DL at the interpolation station will have a length
proportional to the precipitation at D. The graphical
construction is extremely simple. Only simultaneous
records are used and the method involves but little more
labor than the use of the mean of the three surrounding
stations, but it is more logical. The direct use of the
mean of three surrounding stations gives equal weight
to each of the stations, although they may be at widely
different distances from the interpolation station. The
weight given to remote stations in the inclined-plane
method decreases as the distances increases.

The inclined plane method of combining the results of
data for surrounding stations can also be used in con-
junction with the Fournie and other multiple station
methods. It is to be considered, therefore, as a principle
rather than as being restricted to the narrow limits of a
method of interpolation.

V.

F1G. 6.—The inclined-plane method.

It can readily be shown from the geometrical con-
struction of Figure 6 that—

Pi=K, P.+ K, P,+ L, P,

where x ;.
d‘=A_B' d,= EC Figure 6,

and
Kl= 1 —dl —(l2+dl dg
K2=d1—'dl dz; If3=dz;

also

K+ E,+ K,=1

or the sums of the coefficients is unity, providing an easy
check on computations.

3-a. Fourmie method.—This method has been ex-
tensively used for interpolation of missing rainfall years.
It is equally applicable to the interpolation of missing
months, but like all other methods, gives less accurate
results for monthly than for annual interpolations,
owing to the relatively greater variability of rainfall for
short periods than for full years. To apply this method,
three surrounding stations are selected For each of which
there is & rainfall record for a period of several years
simultaneous with the rainfall record at the interpolation
station. Calling means for these three stations 4, B, and
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C, and calling the mean for the interpolation station D,

.. DD D .
the ratios T B and T bre worked out for the simulta-
neous periods covered by all four records. Calling the
actual precipitations at the three base stations for the
period for which interpolation is required e, b, and e,
respectively, these values are multiplied by the corre-
sponding ratios and the mean of the three products
taken as the interpolated rainfall for the interpolation
station. The method is laborious, especially in view of
the fact that in many cases gaps will be found in the records
for the base stations which must themselves be filled out
before long-term ratios can be computed. Sometimes
one of the base stations chosen is necessarily much more
remote from the interpolation station than are the others.
Fournie’s method gives equal weight in the result to the
values obtained from the different base stations, whereas
it is likely that the precipitation for the given month at
the interpolation station conforms more closely to that at
a nearby station than to that at a remote station. Ob-
viously the Fournie method can only be applied where
records have been kept for a number of years. It does
not depend on contemporaneous records and consider-
able research is often necessary to compile the data for
computing the ratios of the means, even where the records
for the base stations are complete.

3-b. Fournie-Horton method—The Fournie method
gives equal weight to three surrounding stations, but
utilizes data at the interpolation station. The inclined-
plane method does not utilize data for the interpolation
station. A combinationof the inclined-plane and Fournie
methods serves to make use of the data for the base
station and at the same time provides for weighting the
results obtained at surrounding stations. The combina-
tion of the two methods has been accomplished by com-
puting the ratios of the normal precipitation at the
interpolation station to the normal at each of the three
base stations, as in the Fournie method. . The values of
these three ratios are plotted by the inclined plane
method and a correction Ewtor obtained, which is applied
to the precipitation determined by the inclined plane
method from simultaneous records at three surrounding
stations. This involves two applications of the inclined-
plane method for each calculated interpolation. An
adaptation of this method, simpler and apparently equally
goog, consists in first determining the three values of

d from the Fournie ratios 1_—_1)-41,, lE)b, gc and then applying

the inclined plane method to these values to determine
the interpolation value.

3-c. The abnormality method.—The abnormality method
is based on the departure of the precipitation at adjacent
stations from the normal or mean precipitation for the
month to be interpolated. The normal precipitation for
the given month is first determined for the base stations
and the ratio between the actual precipitation and the
mean is then found for each of these stations. This ratio
indicates the departure from the mean, or the abnor-
mality for the month to be interpolated. The precipita-
tion at the interpolation station is found by multiplying
the normal rainfall for the same month at this station
by the direct or weighted mean of the abnormality ratios
for the base stations.

The disadvantages of this method lie in the necessity
of having long-time records at adjacent stations and in
the labor invo%ved in computing the means.*

¢ This method in reality is identical with the Fournie method, the only difference
being in the order in which the computations are made.
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3-d. Correction-ratio method.—This method was devised
in order to utilize the data for surrounding stations and
at the same time give the data for the base station the
greatest possible weight, and yet base the interpolation
wholly on contemporaneous records so as to avoid the
labor of methods dependent on long-term means. It
consists in computing the ratios of the actual rainfall at
each base station for the month to be interpolated to the
sum of the rainfall amounts for the preceding and follow-
ing months at the same stations, giving three coefficients
similar to the single coeficient used in the Angot method.
The factors so obtained take into account the abnor-
mality of the precipitation for the month to be interpo-
lated, both as a result of non-linear variation in the rainfall
at the interpolation station and also as a result of any
local abnormalities of this particular month. The direct
or weighted mean of these coefficients is then applied to
the sum of thé precipitation for the preceding and fol-
lowing months at the interpolation station.

Expressed symbolically,
%  o__0 1o ©
G=avta O 55 % ore

Then if these coefficients have weights w0, +wp+w,=1
P=(C, Wot+ C, W+ C;, W) (d,+d.)

3—e. Horton method.—This method consists in com-
guting the ratios of the precipitation for the month to

e interpolated to the sum of the precipitations in the
preceding and following months at each of the three sur-
rounding stations precisely as in the correction-ratio
method. A weighted mean ratio is then obtained by
applying the inclined-plane method to these three values,
and the interpolated value equals the product of the
weighted correction ratio multiplied by the sum of the
precipitation amounts for the preceding and following
months at the interpolation station.

3—f. Leach method.—This is the same as the preceding
except that the weights given in the three correction
ratios are taken in inverse proportion to the relative dis-
tances of the base stations from the interpolation station.
It will be noted that the last three methods described all
depend in part on the correlation hetween rainfall
amounts in successive months at & given station, and this
correlation, as already shown, is frequently small. These
methods, however, depend in a much larger degree on the
correlation between rainfall amounts at adjacent stations
%n the corresponding months, and this is usually fairly
arge.

METHODS OF WEIGHTING INTERPOLATED VALUES.

In applying the methods of interpolation where several

surrounding stations are used, each station yields in
eneral a value of the interpolated quantity. These may

Ee iven equal weights, in which case the adopted value
of the interpolated quantity is the arithmetic mean of the
several (usually three) values, or the individual values
may be given weights, depending on the locations of the
stations or their similarity. In general when three base
stations are used, if W,, W, and W, are the weights
assigned to the interpolated values, these weights being
chosen relative to such a scale that W,+ W,+ W, =1,
then d= W, do+ Wy dp+ W, d..

These weights may be arrived at by several methods—

(a¢) By judgment.

(b) Inversely as the relative distances of the base sta-
tions from the interpolation station.

(¢) The inclined-plane method.
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Weighting by judgment.—Theoretically this is perhaps
the best methocf if properly applied, since it is possibge
in using it to take into account not only the relative
positions of the stations, but the nature, if known, of the
rainfall variation between them, and the differences in
rainfall causes applying to each. "

Consider, for example, an interpolation station on the
plains near the foot of a mountain range, with three
interpolation stations, two on the plains and one on the
mountains. Now suppose the conditions are such that
a large proportion of the rainfall on the plains is convec-
tive, while at the mountain station the rainfall is more
largely orographic. Obviously the plains stations should
be given greater weight than the mountain station, if
all were equidistant from the interpolation station.
Among disadvantages of weighting by judgment are—

(1) The factors affecting the proper weights to be
applied are, except relative distances, in general unknown,
or not quantitatively known; therefore,

(2) Different operators using the same data will not
obtain the same results.

Weighting by inverse distances—If X., X, X, are
the distances of the base stations from the interpolation
station, in any linear units, then if weights are assigned
to the three stations each inversely proportional to its
distance from the interpolation station and on such a

scale that
Wn + Wb + Wc =1

the numerical values of the weights can be derived as
follows: Take reciprocals of X,, X3}, and X,. Let

1 1 1
o tx-H¥
then
;1 ; 1 _ 1
We=grxy W=wxy "=urxS

These relative weights once determined can be applied
to all interpolations involving a given group of stations.

SUMMARY OF INTERPOLATION FORMULAS.

For convenience reference the various methods are
suminarized in analytical form as follows:

(1-a) Normal method, d=d,.

(1-b) Mean of preceding and following months—

d,+d,

2

d=

(1-¢) Mean of same month in preceding and following
years—

dy+d
d="P5~

(2—a) Nearest station, d=gq, b or ¢, as the case may be.
(2-b) Three surrounding stations. For equal weights,

=a+b+c

=3

or in general—
da=(l-, db=b, do=c
(3—a) Fournie’s method—

Let ra=§, rb=%, rc=g
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For equal weights—
d= (rsa+rpb+r,e)/3
or in general—
do="s, dy=1pb, do=rC

(1-d) Angot method.
D
d= D.+D, (d,+d,)

(3—¢) Abnormality method, equal weights.

b

d=5D, dy—p

[
A D, do=z'D

(3—d) Correction ratio method.
a b
G=a+ey OTh,
d=(Co+ C,+C,)

¢
! 0°_cl+c,

(d,+d))

or in general—

G G _ G,
d'=d1+7,,’ d"_d1+d,’ dc—cl+c,

METHODS OF WEIGHTING.

For three stations with weights w, +wy —u, =1.
d=d, wa+dy wp+d; w,

Weights by inverse distance ratios.

1 1 1
MET Xy T X, YT,
where . .
1
M='A_——;+:Y;+;T;

Weights by inclined plane method.

Wo=K,=1 —d,—d.+d, d,
Wo=K,=d,—d, ,
W.=EK,=d,

EXAMPLES OF MONTHLY RAINFALL INTERPOLATION.

In order to compare the different methods, the labor
involved in applying them, and their relative values and
accuracy, a series of examples was first chosen to which
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each of the methods described has been applied. These
examples were selected to represent four different regions
with conditions covering as nearly as possible the range
of variation in amount and distribution of rainfall in the
United States. The locations of the four groups of sta-
tions are shown on Figures 1, 2, 4 and 5.

1. Eastern interior type: Represented by Dannemora,
N. Y. Moderate rainfall, quite uniformly distributed
throughout the year; variability low.

2. Tropical type: Heavy rainfall, quite uniformly
distributed throughout the year but with medium
variability, represented by New Iberia, La.

3. Arid type: Very light precipitation, somewhat
irregularly distributed; high variability. Represented
by %‘ S. Ranch, Colo.

1. Concentrated seasonal precipitation, or monsoon
type: Heavy precipitation during winter months (mostly
snow), little or none during certain summer months;
?‘lgl}}f variability. Represented by North Bloomfield,

‘alif.

The stations chosen include extreme conditions as to
snowfall amount and rainfall variability and are probably
susceptible to less accurate interpolation of records than
the average for central and eastern United States.

In order to test the different methods, a series of 12
months was selected from the record for each station
referred to, the selection being made at random, but so
that the months chosen for interpolation were not con-
secutive. Care was taken to secure stations for inter-

olation such that the complete records were available
or the period covered by the interpolations at each of
three nearby surrounding stations.

The results obtained by the 12 methods of interpolation
used are given in the accompanying Table 1. e first
column for each method shows the 12 interpolated
values. The second column for each method gives the
actual errors in inches. Footings of the columns give
the average arithmetic error of the monthly interpola-
tions and the total algebraic error of the 12 interpola-
tions for each station and method.

The comparative results by different methods for each
interpolation station are summarized in Table 2. The
first section shows the average arithmetic error per
month in inches, and the second section the average
algebraic error per month in inches.

The average results in inches and also percentages of
the true monthly precipitation are further summarized
in Table 3. Methods using contemporary records at
surrounding stations give much smaller arithmetie error
than the simpler methods using data for the interpolation
station only, but there is not much difference between
the two groups of methods as regards algebraic error,
since most methods in both groups involve constant
errors due to differences between the means at the in-
terpolation station and the base stations.
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TasLE 1.-—Comparison of methods of interpolatiing missing monthly precipitation records.

1-a. 1-h. 1-¢. 1-d. 2-a. 2h, 2-¢. 3-na. 3-h. 3-c. 3-c. 3.
Mean of
Mean of
: same month Mean of :
Acgg_al Normal pm;:glng preceding | Angot Nearest three | Inclined | Fournie I;fé}‘;%’: Abnig;mal- Horton Leach
Month and ('-l};ma- method. following fouﬁlm method. station, sugrtmixg[rl.qmg plane. method. method. method. method. ratio.
year. tion months. g ) o
X s year
inches.
gl s|g|s| |8 |8|8|¢8)|% ‘ s | 8| si8|s |8 |s|8 |8 |2|8|8]|%
‘s ] & = ) [ ] B G = 3 5 a = = e G = G B ) ] ] K
> =] » 2] > = > =] > 5] - | ~ e 2] - = > <] > 2] > 5] - <]
[#))] 2) (IR EC)] (5 (6) (7 (8) (9) | (10) | (11) | (1) I (13) | (14 | (15) | (16) | (17) | (18) | (1®) | (20) | (21) | (22) { (23) | (24) | (25) | (26)
LI
Interpolated precipitation at Dannemora, N. Y., from Chazy, Harkness, and Moria records, 1906-1915.
1 | |
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Interpolated precipitation at T. S. Ranch, Mesa Co., Colo., from Cedar Edge, Collbran and Grand Junction, 1892-1901.
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Interpolated precipitation at New Iberia, La., from Franklin, Lafayette, and Abbeville records, 1900-1909.
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Interpolated precipitation at North Bloomfield, Calif., from Bowman's Dam, Blue Canyon, and Nevada City records, 1899-£908.
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a Abbeville record b Bowman Dam record.
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TaBLE 2.—Comparison of methods of interpolating missing monthly
rainfall records.

North ;Average
Dapne-| New | T.S.
Method of interpolation. mora, | Iberia, | Ranch, %‘&?{"' fgi‘xrrt;;:-
N. Y. La. Colo. Calif. | tions.
(1) 2 (3) 1) ()] (6)
Annual precipitation=total of the 12 months
used cenaan 32.55 | 54.31( 11.55| 43.33 35. 4
Average monthly precipitation 2.71 4.52 .96 3.61 2.95
1-a. Normal 1.20 1.54 .50 2,34 1.40
1-b. Average of
.36 | Y.52 .65 278 1.58
1-c. Average same month
following years.......c.cocenaeucnacan 1.30 2.41 <54 2.20 1.61
1-d. Angot methpd ............... 1.30 2.10 .65 2.51 1.64
2-¢. Nearest station........... sesemeneneannn 797 1,24 A7 1.38 .97
2-b. Average of three surrounding stations. . .43 1,08 .50 .42 .61
2-¢. Inclined plane method................. .55 .83 .41 W74 .63
3-¢. Fournle method.........cceamavaanaanns 43 1.07 .44 .89 .71
3-b. Fournie-Horton method................ 56 .95 .41 .55 62
3-¢c. Abnormality method................... 40 1.09 .42 63
3-¢. Angot-Horton method.......c.......... 76 1.22 .75 1.33 1.02
3-f. Angot-Leachratio...................... 5 L11 .62 114 90
Y £ T 73| L35] .3 14| Lo
Average algebraic error.s ’
J-¢. Normal. . . 1ecvernniviriaciainaens -e--|  0.00 0.35 0.09: 167 0.55
1-b. Average of preceding and following
months......c.veensniminiaonaenann-s 01 44 .05 .46 24
1-c. Average same month preceding and
following years...couemrmvanmnceennann .15 .19 .18 1.66 .54
1-d. Angot methpd. [ 12 .40 A2 . 18
2-g. Neareststation ... .. T4l 39 17| 134 66
2-b. Average of three surroun 37 .43 22 40 36
2-¢. Inclined plane method 18 .33 0L 70
3-a. Fournie method........ 31 .38 .09 61 35
3-b. Fournie-Horton method 11 30 .13 15 17
3-¢. Abnormality method... 10 36 .03 27 19
3-¢. Angot-Horton method.. . .08 .48 .31 14 .25
3-/. Angot-Leachratio...................... .7 .28 -20 .23 .19
o M., ! 22| .36 13| .66 34

@ One-twelfth of the annual or total algebraic error.

The more refined methods, combining the data for
the base and interpolation stations and including cor-
rection for local variation, give the most accurate results,
especially with reference to reduction of the constant
errors. Since the accuracy of interpolation varies with
the amount and variability of the rainfall, the relative
errors differ for the different stations, as shown in Table
4, which gives the average of all of the arithmetic and
algebraic errors of 144 interpolations for each of the four
interpolation stations.

Since all the different methods are not readily carried
in mind, a brief statement of each, together with an
estimate of the comparative labor involved in its vse
and the comparative accuracy of the results is given in
Table 5. The comparative labor involved is estimated
approximately on the basis of the time in minutes re-
.quired to make a single interpolation when all the data,
including normals, if any are required, have been com-
piled and are directly available.

In comparing the merits of different interpolation
methods, three things are to be considered:

1. Labor involved.

2. Arithmetic error of individual interpolated values.

3. Total or average algebraic error of interpolated
values. For a single or %imited number of interpola-
tions, simplicity and relative accuracy of the individual

MONTHLY WEATHER REVIEW.

June, 1923

interpolations are most important. Where many inter-
polations are to be made, the constant coefficient meth-
ods, Fournie’s, the abnormality, and the correction ratio
methods become relatively much less laborious than
where they are used for a small number of interpolations,
since the coefficients or weights when once computed for
a given group of stations can be used for all interpola-
tions involving the same stations.

TABLE 3.—Swmmary of rainfall inter polation methods—average results by
different methods for all four groups of stations.

Average monthly Total average
error. algebraic error.
Method. Per cent
Inches | Per cent | Inches |of average
per. of true per month
month. | value. | month. |precipita-
tion.
(1) (2) @) (%) (5)
Methods using same station only.
1-a. Normal - 1.40 62.7 £0.55 18.7
1-b. Preceding and following month . 1,58 140.6 .24 8.1
1-¢. Same month precedingand following years 1.61 108 .55 18,7
1d. Angot method.......ocvnnenrannnaaann.. L64 92 .18 8.1
AVerBge. ... .occoiieiaeiieniinnannen 1.56 100.8 .88 12.9
Contemporary record methods.
2-a. Nearest station........c...coonvieanannes .97 67.7 .68 22.4
2-h. Average of three swrrounding stations... .61 43.8 .35 11.9
2. Inclined plane.......................... .63 47.7 .38 12.9
Average... 74 53.1 .46 15.7
Combined methods.

3-n, Fournie......coceveerericirereriencnnn 71 40.8 .35 11.9
3-b. Fournie-Horton.. “ee .62 41.2 .17 5.8
3. Abnormality........cccvuenune . .63 40.4 19 6.4
3-¢. Angot-Horton method . 1.02 50. 4 .25 85
3/. Angot-Leach ratio..........c.ccvaineaees .90 47.6 .19 6.4
AVerage. . cccnnerierannnanensnnans .78 4.1 .23 7.8

Average annual precipitation of the four stations..
Average monthly precipitation of the four stations.
Column 2= Average monthly error in inches. ( mn
Column 3= Average of the individual errors in per cent.
error/true value. .
Column 4= Average algebraic error=average annual error/12.
Column 5=Column 4 expressed as percentage of average monthly rainfall at all stations
=column 4/2.95.

[»]

i’ercentage for each month=

TaBLE 4.—.Average results of all methods of rainfall inter polaiion methods
at each of the four stations used.

Average arithmetic| Average of the
Aver- error. algebraic errors,
8|
Station, mo:gt?my
pr:gipi.- Inches | Per cent| Inches | Per cent
tation.e T er er
mﬁth. mg:{h. mgnth. mgnth.
(¢3) (2) (3) 4 (5) 6)
Dannemora, N. Y........cooovneeen 271 0.78 34.2 +0. 8.1
New Iberia, La.............. . 4,52 1.35 43.6 .36 8.0
T.'S. Ranch, Colo.,......... - .96 .53 7.9 13 13.5
North Bloomfield, Calif 3.61 1.41 105.2 .66 18.3

@ Average of the 12 months used.

Column 3= Arithmetic average of the individual errors disregarding sign.

Celumn 4= Average of the individual per cent errors.

Gﬁ}gann 5=Arithmetic average of one-twelfth of the annual algebralc error for each
me .

00112111111 6=Column 5 expressed as per cent of average monthly precipitation, col-
umn 2.
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TABLE 5.—Summary of monthly rainfall inter polation methods.
!
‘ Relativelabor ¢ | Average monthly error, per
Grou Other
an Description. stations gg{;ﬂ:}l’_ C‘;‘r‘ffg:f‘t
method. required. Few Many | Arith- Alge- ?Sn:n %t
cases. Cases. | metic. brale. ).
1) - (2) 3) (€3] ) ®) ?) (8) @) (10)
a | Normal: Substitution of mean forsame month.........covvniiemmneniiiiiiianenan..t No. 1 No. 1 1 62.7 18.7 81
1- b | Use of mean of preceding and rollowlnﬂ months. ...cieciiiiiiiiieiiie it iaiaienea No. No. Yes. 3 3 140.6 8.1 149
¢ | Mean of same month preceding and following years.........ecesmziecezevacesanznas No. No. Yes. 3 3 108 18.7 127
d | Angot methm'ii: Ifiormals used with means of preceding and following months.
m X ' Ne. 3| N 8 sl w2 6.1 98
a | Use of nearest station record for same month.........ooooeeiioiiiiiiiiiiiian No. No. Yes. 1 1 67.7 2.4 90
b | Average of three surrounding stations: a=2*2%_____________......... ] 8| No.| Yes 3 3| 48| 1o 60
¢ | Inclined plane, with three surrounding stations.............cccieieieiiiiinnaananaas 3 No. Yes. 10 10 47.7 12.9 6l
3-a | Fournle method: d=3( Fa-+p0+ -C.-c) ............................................... ! 3 ! No. 20 | 8| 19
3 | Fournie-Horton: A ratio deduced from the three Fournie vales 2, 2, 2 by the
ineclined plane method is applied to the value of @ deduced directly by the inclined
plane method. ... ...ttt ittt iseiiireieee e caaeiee e 3 4 No. 40 20 41.2 5.8 47
3¢ | Abnormality method: a-é( 2o+3pitn ) . Identical with Fournie method,
but computed differently . . ... .ciiiiemiiiiiii ittt tssarceeencaeaas 3 4 No. 20 10 40.4 6.4 47
3d Carrelction-Rat.io method: Uses contemporary data for three surrounding stations.
a ¢
d-g(mﬁ-m’*'m’) [ 2 N 3 No. No. 20 20 (®) (B)  fecesaecnan
3-¢ | Horton method: Same as preceding, hut correction factor applied to d;+d: obtained
by applying inclined plane method to the threeratios............................. 3 No. No. 30 30 50.4 8.5 59
3-f | Leachmethod: Same aspreceding,exceptthat thethreeratiosare weighted byinverse
distances from base station. . ..........ciieiieiiaaeiiiii i cieei e e 3 No. No. 30 20 47.6 6.4 54

mont.
5 Not determins

Independent of the labor involved, the value of a
method may be considered as about proportional to the
sum of the average and algebraic errors resulting from
its use. This sum is shown in column (10) of Table No.
5. Where many interpolations are required it becomes
important that the total or algebraic mean error of all
interpolations should be small or that the algebraic
errors should tend to vanish as the number of inter-
polated values increases. In the case of certain methods
the algebraic error may be cumulative, there being a
constant difference involved between the interpolated
and true values. This may result in using (a), the
nearest station; (b), the mean of three surrounding
stations; (¢), the mean of the preceding and following
months. Where the interpolation months are scattered
equally throughout the year there should be no tendency
for a cumulative algebraic error in using the last-named
method. For stations having relatively small pre-
cipitation, as, for example, North Bloomfield, Calif., the
percentages of errors are misleading. A percentage of
error of even 1,000 per cent for a month with a pre-
cipitation of only 0.01 inch may be of little importance
hydrologically, whereas a 10 per cent error for a monthly
precipitation of 10 inches would be of much greater
significance. On the other hand, actual errors taken
alone may be misleading, since actual errors in inches
are likely to be smaller with stations for small than for
stations with large precipitation.

The simplest methods, Groups 1 and 2, involve rela-
tively little labor, but the errors are comparatively large.
As regards accuracy, the mean of three surrounding
stations and the inclined plane method are decidedly
the best in these groups. As between the direct use of
the average of three surrounding stations and the
application’ of the inclined plane method, the results

iven in the table show little choice. It appears certain,
owever, that inasmuch as the inclined plane method
gives weights to the surrounding stations, decreasing as

Ng:ation 4, B, C, D,normals at base and interpolation stations, respectively; @, b,c,d, monthly and interpolated values, subscripts 1 and 2 relate to preceding and following

a In.estimatiqg gslative labor, it is assumed that normals and other data are directly available without computation.

their distances from the interpolation station increase,
this method if applied to a sufficient number of cases to
give a decisive result would show greater accuracy than
the simple average for three surrounding stations.
While the labor involved in the use of the inclined plane
method is somewhat greater than where the simple
average of three stations is used, yet it is comparatively
slight in any event, and the use of the inclined plane
method in preference to the simple average of three
stations seems advisable.

With reference to the methods of Group No. 3, the dif-
ferences in accuracy are not very large. All methods of
Group 3 show materially smaller algebraic errors than
the simpler methods. The choice between the methods
of Group 3 must apparently, therefore, depend largely
on the labor involved}.’ There is no very great difference
between the methods of Group 3 when the data have
once been compiled. In the case of methods involvin,
the use of normals, viz., Fournie, Fournie-Horton, an
Angot methods, the actual labor for a small number of
interpolations will often be much greater than the rela-
tive labor indicated by the table, especially if the normals
themselves are not available without computation. If,
therefore, results substantially as accurate as those ob-
tained by the use of methods involving normals can be
procured without the use of normals, then the methods
avoiding the use of normals are generally to be preferred.
The Horton and Leach methods do not involve the use of
normals but are based entirely on contemporaneous
records. They take into account the relative positions
of the stations and utilize data for the base as well as
for surrounding stations, and as shown by Table 5, the
accuracy of these methods is nearly equal to that ob-
tained by the use of methods involving normals. As be-
tween the Horton and Leach methods, the advantage ap-
pears to lie generally with the latter, both in point of ac-
curacy and in simplicity of application, especially where
many interpolations are made, since the ratios once de-
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termined for the Leach method for a given month and
group of stations can be applied to other interpolations
at the same station for the same month of the year. If
two of the base stations happen to lie nearly in line with
the interpolation station, then the inclined plane method

ives com%a.mtively little weight to the third base station.

nder such conditions the method of weighting by inverse
distances, used in the Leach met.-ho(%. is preferable.
Inasmuch as the studies thus far made indicate that

45.0/ QClinfon
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©
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F1G. 7.—Location of rainfall stations, Massachusetts group. (Figure gives mean annual
rainfall.) 1595-1908, inclusive.

nearly as great accuracy can be obtained hy the use of
the Horton and Leach methods without the use of nor-
mals as from those methods invelving normals. A
further study was made to test the applicability of these
two methods to localities of moderately variable rainfall.
Groups of stations were chosen in Massachusetts, Michi-

an, and Nebraska, Figures 7, 8, and 9. Interpolations
Erst were made for a total of 10 months for each station
by using the mean of three surrounding stations. The
results are given in the first line of each section of Table

No. 6.
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TABLE 6.—Comparison of methods >-b, $—¢, and 5—f for the interpolation
of rainfall records.

, West- | Battle
Method.| boro, | Creek, Aﬁ:{)';"' Mean.
Mass. | Mich. )
Actual Predpitntion 10 months (inches).....[........ 31.57 | 32.63
Total of 10 monthly interpolations (inches).. 2bh| 32.70 | 32.62
3-¢ | 30.61 | 42.32
) 3-f| 3L41| 3848
Algebraic error of 10 monthly interpolations 2- L19| -—.01 3
inches. ..onni e 3| —. 90 9.69 3
. ﬂ —.10( 5.8 .
Arithmetic average monthly error of inter- 2. . 407 627 51 .51
polation (inches).. ....................... 3-¢ .456 | 1.615 623 .90
3~ 424 | 1.465 17
Average monthly percentage of error of inter- 2 15.7 2,7 7.8 41.1
polation.... ... ..., 3-d,e 15.3 63.6 51.7 4.5
3-e, 145 57.0 45.8 30.1
Number of pluserrors...........cceenucnn.- 2. 6 5 6le.an...
3-¢ 3 7 Tloereniae
231 5 [ i P
Number of minus errors........c..ccoeeune.. 4 5 [ 3
3+ 5 3 2 iiiiann.
’ 3-f 5 4 2.

2-h= Average of the three nesrest stations.

3-e==Corrected ratio to the preceding and following months.

3—ft=;‘ ‘Weighted (inversely as distance) corrected ratio to preceding and following
months.

Oliver
I8.70

4.30
Batrle Creek
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4 4 & /2
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Fi. 8.—Location of rainfall stations, Michigan group. (Figure gives mean annual
rainfall.) 1595-1908, inclusive.

In this series the average arithmetic error of the mean
of three surrounding stations is 41.1 per cent, which is
not materially different from the value 43.8 per cent
obtained for the first series of stations., The average
monthly arithmetic error of the Horton and Leach
methods are, respectively, 43.5 and 39.1 per cent in the
second series, again showing slightly better results for the
Leach method. The average percentage of error among
the interpolations in the second series by both methods
is sevemeer cent less than in the first series, showing
that better results are obtained by these methods in
regions of moderate than in regions of high rainfall
variability. It will be noted that in the second series
the Horton and Leach methods do not give quite as
small an average monthly percentage of error as is ob-
tained from the direct average of three surrounding
stations. The same was true in the first series. Again,
the Horton and Leach method give larger algebraic
monthly errors in the second series than does the simple
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average of three surrounding stations. This, however,
apparently results almost entirely from an accidentally
small error of the average of three surrounding stations
for the interpolations at Battle Creek, and in the first
series the average monthly algebraic error of the Horton
and Leach methods was materially less than for inter-
polations based on the direct average of three surrounding
stations.

While the number of sample compilations compared
in these studies 1s obviousfv insufficient for a final
determination of the relative accuracy of different
methods, yet the following tentative conclusions appear
to be justified. In this connection it should be borne in
mind that the arithmetic error indicates the probable de-
parture of a single interpolated value from the true

value. The algebraic error shows the tendency for
- 26.84(QNo. Loup
N
273/ O Raverna

Scale Of Miles
g e d -4 2
e fe———

F16. 9.—Location of rainfail stations, Nebraska group. (Figure gives mean annual
rainfall.) 18951908, inclusive.

the occurrence of set or cumulative errors. If the
monthly errors tend to counterbalance, the algebraic
error will be small. The sum of the two errors here used
as an utility index has no statistical meaning, except that
if it is large at least one of the errors is necessarily large.

INTERPOLATION OF ANNUAL RAINFALL AND REDUCTION TO
BASE PERIOD.

The preceding discussion has been devoted to inter-
polation of missing monthly rainfall amounts. The
same methods can of course be applied to filling in
missing seasonal or annual values. In general, since
annual is less variable than monthly rainfall, the accu-
racy of the result will be greater for annual than for
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monthly rainfall. It is important in preparing maps
of average rainfall or in determining the mean rainfall
on a drainage basin to reduce all the records used to a
uniform base period. If some of the records available
do not cover the entire base period a suitable method
should be used to reduce these records so as to obtain
the al}))proximate average rainfall at the same stations for
the base period. The simplest procedure is the use
of the direct ratio method, often used in Europe and at-
tributed to Hugo Meyer ® in which the derived average is

4

p-Lyy_dxp (1)
a a

where .4 is the hase period average at an adjacent
station, a is the average at the same station for the period
covered by records at both the base and interpolation
stations, P is the mean precipitation at the interpolation
station for the period of record. It will be seen that
this is identical with the Fournie method already de-
scribed, except that in the latter, three base stations are
used. Designating the other two stations B and €, and
using notation similar to above, the average precipitation
for the base period at the interpolation station is obtained
by the formula,
, Prd B ("
P_3(a.+b+c )

This is an excellent method of reduction to a base period

and is the one most generally used in the United States.

It is more rational and probably more accurate in most

cases to apply the inclined plane method to the ratios
r

=, 3 and % Then, calling the resultant ratio for the
location of the interpolation station 7/, the resulting
base period average for the interpolation station is,

P =rP 3)

Recently Von P. Heidke® described a method of
extension of short rainfall records based on the method
of least squares. Several stations are used as in the
Fournie method. They are given weights inversely
proportional to the squares of the mean errors of the
reduced means for the individual stations. First, trial
values of the rainfall P’ for the interpolation station are
computed by the use of Meyer’s ratio for each base
station. Calling these trial values P’,, P’y, P/, etc.,
and the weights to be applied to them wy, wy, w., ete.,
the base period precipitation at the intcrpolation station
is obtained by means of the formula,

_ -z_zE,P’ﬂ 4w, P’y w P, + ete.

14
P Wy + 1wy + e + ete.

@)

The true mean errors of the reduced means derived from
the several base stations can not of course be determined
in advance, since the true base period precipitation at the
interpolation station is unknown. Heidke, however,
assumes that the true mean errors for the several base
stations are pruportional to the corresponding mean
errors of the precipitation amounts P’,, Py, P/, etc.,
derived by the use of the Meyer ratios for the several
base stations. Culling these mean errors ma, ms, ete.,

* Anleitung zur Bearbeitung meteorologischer Beohachiungen fiir die Xlimatologie,
Berlin, 1891,

§ Reduktion kiirzerer Reihen von Niederschlagsmessungen auf die langjihrigan homo-
%ener Nachbarstationen unter Beritcksichtigung von Gewichten,— Mefeorologische

eitschrift, June, 1923, pp. 167-173.
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the corresponding weights to be applied in formula (4)
are,

c c
'w.=7'n—a:.7 wb=E;i, ete. (5)

where ¢ either equals unity or may be given an arbitrary
value, say 100, more convenient for computation pur-
oses.
P The following table (7) illustrates the method of com-
guta.tion of the weight w for Rehoboth to be used in
etermining the long term average pl'eciﬁlt,at.lon from a
short record at Mariental. Column (2) shows the avail-
able precipitation date at Mariental and column (3)
shows the corresponding precipitation at Rehoboth.
The ratio of the means, including two incomplete record
years, is 0.753. Using this value of the Meyer ratio the
trial values of precipitation at Mariental for the same
years are computed as shown in column (6). The de-
partures of these trial values from the true values are
next determined, as shown in column (7), and their
squares taken, as given in column (8). The mean error
o? the trial values is determined by the formula,

_ [S(aYy
m= J = (6)

where n is the number of years of complete record,
which is nine in this case. This leads to a value 0.12 for
the weight to be applied to Rehoboth base station.
Proceeding in a similar manner weights to be applied
to other base stations are determined.

TaBLE 7.—Computation of weight, Heidke's method.

Precipitation Depar-
e 3 trom| 0753
(2) from| 0.
Year, Marien-| Reho- | = (—32—) mean=| X%(3). | &—©®) @2
tal | both ) T @)—
=P, -q. 146,
(¢)] 2 @) (4) (5) O] (] (8)
Mm, Afy Mm. | Mm. | Cen Cen.
................ 145 4.,
167 0.61 —44 126 -2 4
123 0.70 —60 93 -1 1
111 119 —14 84 5 25
398 0.72 140 300 -1 1
199 |eoooofiaaan... 150 . 2N P,
343 0.68 & 258 -2 4
. 257 0.67 26 194 -2 4
1910-11., 56 106 0.53 —90 80 -2 4
1911-12_, 152 262 0,58 6 197 —4 16
1912-13 97 76 1.28 —49 87 4 18
.................... 1,683 | 2,235 |........[........|] 1,684 +16 75
AVerago.............. b146 | 5205 0.77 57.4 |...e..en —14 ...,

1,683
Ratio of mms-rm-o.7&— n
m =g AN _JE == 29 con. = 200 mm,
2 9
100
W SE =(0.12 ]

o Incomplete year, interpolated.
b Average for nine complete years.,

This method involves two assumptions:

(1) That the departures of individual rainfall amounts
from the average behave as normal errors.

(2) That the true mean errors of the rainfall at the
interpolation station are porportional to the trial mean
errors determined from Meyer's ratios.
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To test the first assumption, Heidke uses the criterion
that for normal errors.

2n [2 A?
TxA "

Calling E, the true value of the left-hand member of
equation (6), derived from two simultaneous long-term
records, and calling E, the approximate value derived
from the use of Meyer ratios, Heidke obtains by a com-
parison of five pairs of stations havin§ 50-year records,
average values of E, and E, as lollows: E =3.07,
E,=3.21. Similarly, from =a comparison of 30-year
records for five pairs of stations he obtains: E, =2.96,
E,=3.15. From five pairs of 20-year records he obtains:
E =286, E,=3.09. ’IIJ‘hese are to be compared with the
theoretical value, r=3.1416.

It should be noted that the frequency curve of annual
precipitation at & given station is not a true normal error
curve but is somewhat skewed, as evidenced by the well-
known fact that there are more dry than wet years.
Nevertheless the variation from the normal or Gaussian
law of error is probably not sufficient in most cases to
vitiate the utility of Heidke’s method. The method is,
however, laborious, and it is doubtful whether the in-
creased accuracy, if any, obtained by its uses as com-
pared with the Fournie or Fournie-inclined plane method
will justify its application except in cases where the
utmost possible accuracy is required.

CONCLUSIONS.

1. The average arithmetic error of monthly rainfall
interpolations may exceed 100 per cent of the true rain-
fall where the simpler methods of interpolation involving
data for the base station only are utilized, but the error
can generally be reduced to 50 per cent or less by the use
of three-station methods.

2. The use of the direct three-station average and the
inclined-plane method give nearly as small an arithmetic
error as any methods and are the simplest to apply of the
more accurate methods. Of these two the inclined-plane
method is the more rational and probably the more
dependable.

3. The direct three-station average and inclined-plane
average give only about one-half as large algebraic errors
as single-station methods. In regions of low to moderate
rainfa.%l variability the average algebraic error of these
methods are no larger than those for the more refined
methods.

4. Because of their simplicity and the avoidance of the
labor of using normals, the direct three-station average
and inclined-plane methods are the ones best adapted for
use in regions of low or moderate rainfall variability.

5. Inregions of high rainfall variability the arithmetie,
algebraic, and total percentage errors are generally the
least for interpolation methods involving the use of
Fournie ratios and normals.

As pearly as good results can, however, be obtained
from the use of contemporaneous records only by means
of weighted correction ratios as applied in the Horton
and Leach methods. Considering the reduced labor
usually involved in the application of these methods
through the avoidance of using normals, they appear to
be the methods best adapted for regions of high rainfall
variability. Of the two, the Leach method is apparently
somewhat the better.



